The thermomagnetic flux-jump instability of the Bean critical state is considered, which may occur during flux penetration in thin films of type-II superconductors in a perpendicular magnetic field. We calculate the applied field B j at which this instability occurs and its dependence on the ramp rate Ḃ a , on the nonlinear current-voltage curve, and on the thermal resistance between the film and the substrate. As examples we consider the thermomagnetic flux-jump instability at the straight edge of a superconducting film and of the same edge containing a small indentation of semicircular shape. The presence of a small indentation drastically reduces the field or ramp rate at which the thermomagnetic instability occurs. ͓S0163-1829͑96͒02938-4͔
I. INTRODUCTION
Bean's critical state model 1 successfully describes the irreversible magnetization in type-II superconductors by introducing a critical current density j c (T,B) which in general depends on the temperature T and the magnetic field B. Within the Bean model in the original longitudinal geometry the slope of the stationary magnetic field profile equals 0 j c (T,B) in the region where flux has penetrated. This nonuniform flux distribution is not in equilibrium, and under certain conditions a thermomagnetic flux-jump instability may arise in this critical state. The flux-jumping process results in a flux redistribution towards the equilibrium state and is accompanied by a sudden heating of the superconductor.
Flux jumping has been extensively studied in conventional and high-temperature superconductors ͑see the reviews in Refs. 2 and 3, references therein, and the recent experimental and theoretical studies Refs. 4-9͒. Two types of flux jumps can be distinguished, namely, global and local flux jumps. A global flux jump involves vortex motion in the entire volume of the sample. A local flux jump is restricted to a small fraction of the sample volume. Depending on the initial perturbation and on the driving parameters there are two qualitatively different types of global flux jumps, namely, complete and partial flux jumps. Complete jumps turn the superconductor into the normal state. Partial jumps self-terminate when the temperature is still less than the critical temperature T c .
To illustrate the origin of a global flux jump we suppose that the temperature T 0 of the sample is increased by a small perturbation ␦T 0 arising due to a certain initial heat release ␦Q 0 . The critical current density j c (T) is a decreasing function of temperature. Thus, the density of the superconducting current screening the external magnetic field at TϭT 0 ϩ␦T 0 is less than it was at TϭT 0 . This reduction of the screening current leads to a rise of the magnetic flux inside the superconductor. The resulting motion of the magnetic flux into the sample induces an additional electric field ␦E 0 . The perturbation ␦E 0 causes a further heat release ␦Q 1 and temperature rise ␦T 1 , which reduces the superconducting screening current density j c further. Under certain conditions this results in an avalanche-type increase of the temperature and magnetic flux in the superconductor, i.e., in a global flux jump.
The relative effect of the flux and temperature redistribution dynamics on the flux-jumping process depends on the ratio of the flux (t m ) and thermal (t t ) diffusion time constants. 2 The dimensionless parameter is determined by the corresponding diffusion coefficients,
where is the heat conductivity, is the electric conductivity, and C is the heat capacity. For Ӷ1 (t m Ӷt t ), rapid propagation of the flux is accompanied by an adiabatic heating of the superconductor; i.e., there is not enough time to redistribute and remove the heat released due to the flux motion. For ӷ1 (t t Ӷt m ), the spatial distribution of flux remains fixed during the stage of rapid heating. These adiabatic (Ӷ1) and dynamic (ӷ1) approximations typically are used to approach the fluxjumping problem. 2 The flux-jump scenario significantly depends on the relation between the values of the heat conductivity , heat capacity C, and conductivity (E) defined as the slope of the j(E) curve. The dependence of on the electric field E ͑nonlinear conductivity͒ is an important factor determining the flux-jumping process. 10, 9 In particular, it results in the dependence of the flux-jump field B j on the ramp rate Ḃ a of the external magnetic field B a which is known from numerous experiments. 2, 3, 5, 8 In the longitudinal geometry of slabs or cylinders in a parallel field, the Bean model means that the current density j can have the values 0 or j c only. In the transverse geometry of films in a perpendicular field, one has jϭ j c in the regions where magnetic flux has penetrated, and a surface screening current with possible values 0р jр j c in the central flux-free region. In this central region the current density is uniform when the film thickness d is less than the London penetration depth L . For thicker films with dӷ L , the screening current may be nonuniform across the thickness, forming a current-caused longitudinal Bean critical state which was recently computed.
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In magnetization experiments the thermomagnetic fluxjump instability originates in the outer region where the flux has penetrated, since the electric field E generated by the external magnetic field variation is maximum at the specimen edges. Computations 12, 13 show that the critical state in this penetrated region is quite similar for the longitudinal and transverse limits d→ϱ and d→0. In particular, in these two limits the spatial distributions of j and E are very similar. Indeed, when complete penetration is reached these two geometries even exhibit identical current density and electric field profiles. This finding allows one to use the expressions for the field E of the longitudinal limit as good approximations for thin films in a perpendicular field. We note for completeness that the magnetic field profiles are rather different in these two geometries. 1, [11] [12] [13] [14] [15] [16] The presence of edge defects strongly modifies the flow of the currents in the film and significantly affects the electric field generated in the flux penetration process. In particular, calculations as well as a simple estimate show that a small indentation with a semicircular edge drastically enhances the value of E in the vicinity of this edge defect. 17, 12, 18 The enhancement of electric field in the presence of the edge defects is specific for the longitudinal geometry and can influence the critical state stability in thin films.
Let us estimate the electric field occurring in typical magnetization experiments. The external magnetic field ramp rate Ḃ a is usually in the interval Ḃ a Ͻ1 T s Ϫ1 . The electric field E generated by the magnetic field variation is of the order of EϳḂ a x p , where x p is the flux penetration depth. To estimate the field E we use x p Ͻ10 Ϫ4 m which results in EϽ10 Ϫ6 V cm Ϫ1 . This electric field interval corresponds to the flux creep regime with the dependence of j on E taking the form
where E 0 is the voltage criterion at which the critical current density j c is defined, j 1 determines the slope of the j(E) curve, and j 1 Ӷ j c . The actual choice of E 0 is not crucial. Indeed, by choosing for the voltage criterion a certain value Ẽ 0 instead of E 0 we change the critical current density from j c to j c ϭ j c Ϫ j 1 ln(Ẽ 0 /E 0 ). The difference between j c and j c is small since ln(Ẽ 0 /E 0 )ϳ1 and j 1 Ӷ j c . It is common to define j c as the current density at which E 0 ϭ10 Ϫ6 V cm Ϫ1 . The j-E curve in the flux creep regime is often described as a power law,
with nӷ1. Expanding this into a series in 1/nӶ1 and keeping the first two terms, we find that if we take nϭ j c / j 1 , then Eqs. ͑2͒ and ͑3͒ coincide with an accuracy of 1/n 2 Ӷ1.
The relation given by Eq. ͑2͒ was first derived in the framework of the Anderson-Kim model [19] [20] [21] which considers the thermally activated uncorrelated hopping of bundles of vortices. The vortex-glass 22 and collective creep 23,24 models result in more sophisticated dependences of j on E. However, these j(E) curves closely coincide with Eq. ͑2͒ if jϪ j c Ӷ j c . The recently developed self-organized criticality approach to the critical state 25, 26 also results in Eq. ͑2͒ if jϪ j c Ӷ j c . The logarithmic dependence of the current density j on the electric field E in the interval jϪ j c Ӷ j c is in good agreement with numerous experimental data. 27 Equation ͑2͒ yields the conductivity
We estimate this as Ͼ10 10 ⍀ Ϫ1 cm Ϫ1 using the typical data j 1 Ͼ10 3 A cm Ϫ2 and EϽ10 Ϫ7 V cm Ϫ1 . It follows from this estimate that the conductivity determining the flux-jump dynamics for magnetization experiments is very high. As a consequence the dimensionless ratio is also very high. Thus, the scenario of a flux jump for the magnetization experiments corresponds to the limiting case when ӷ1 and the initial rapid heating stage of a flux jump takes place on the background of a ''frozen-in'' magnetic flux.
In this paper we consider the thermomagnetic flux-jump instability of the Bean critical state during flux penetration into a thin film, which generates the background of a nonuniform electric field. We find the flux-jump field B j and its dependence on the external magnetic field ramp rate Ḃ a and the thermal resistance between the film and the substrate. The general results are applied to consider the critical state stability in a thin film with a straight edge without and with a small indentation.
The organization of this paper is as follows. In Sec. II, we derive a general criterion for the onset of thermomagnetic instability flux jump in a superconducting film. In Sec. III this criterion is applied to calculate the flux-jump field for a thin film with a straight edge without and with a small semicircular indentation. Secton IV discusses these results.
II. STABILITY CRITERION
In this section we treat the stability of the critical state assuming that the thermomagnetic flux-jump instability develops much faster than the magnetic flux diffusion process.
Let us consider a superconducting film of thickness d subjected to a magnetic field B a perpendicular to the film (xy plane͒. Now suppose that the temperature of the sample T 0 is increased by a small perturbation ␦T. To keep the critical state stable, i.e., to keep the screening current at the same level, an electric field perturbation ␦E arises. The additional electric field ␦E causes an additional heat release ␦Qϰ␦E, which is the ''price'' for keeping the screening current density at the same level.
The critical state is stable if the additional heat release ␦Q can be removed by the additional heat flux ␦W resulting from the temperature perturbation ␦T. The temperature dynamics follows from the heat diffusion equation
Let us now consider a film which is in a thermal contact with the substrate ͑plane zϭ0). We characterize the thermal resistance of this contact by a heat transfer coefficient h and neglect the heat flux to the coolant ͑plane zϭd). In this case the temperature perturbation satisfies the boundary conditions ␦TЈ(x,y,0)ϭh␦T(x,y,0) and ␦TЈ(x,y,d)ϭ0, where the prime denotes the derivative with respect to z.
To derive the explicit form of this stability criterion we need the relation between ␦T and ␦E. To obtain this, we calculate the decrease of the current density ␦ j Ϫ resulting from a temperature perturbation ␦T and the increase of the current density ␦ j ϩ resulting from an electric field perturbation ␦E. If the critical state is stable, the total screening current density stays constant. Thus the relation between ␦E and follows from ␦ jϭ␦ j Ϫ ϩ␦ j ϩ ϭ0 .
͑6͒
In the critical state one has jϷ j c and the decrease of j due to the temperature perturbation is
͑note that ‫ץ‬ j c /‫ץ‬TϽ0). The increase of the current density due to the electric field perturbation ␦E is
␦Eϭ␦E.
͑8͒
Combining Eqs. ͑4͒ and ͑8͒ we find the relation between ␦ j ϩ and ␦E in the form
where nϭ j c / j 1 ӷ1. From Eqs. ͑6͒, ͑7͒, and ͑9͒ then follows that
Equations ͑4͒ and ͑10͒ allow us to understand the effect of the background electric field E b on the critical state stability. From Eq. ͑4͒ we see that a low-background electric field E b results in a high differential conductivity ϰ1/E b . In its turn this high conductivity leads to a small electric field perturbation since Eq. ͑10͒ states that ␦Eϰ1/ϰE b . The smaller is ␦E, the less ''costly'' it is to remove the additional heat release. As a result, the lower is the background electric field E b during creep, the more stable is the superconducting state.
We write the temperature as TϭT 0 ϩ␦Texp(␥t) and use
Eqs. ͑5͒ and ͑10͒ to find an equation for ␦T,
The rate ␥ characterizes the time development of the instability. If ␥Ͼ0, any perturbation of the temperature will increase; i.e., the stability margin corresponds to ␥ϭ0.
In the case of a thin film the background electric field is a function of x and y only. One can thus separate the variables in the heat diffusion equation and the function ␦T(x,y,z) matching the boundary conditions at zϭ0, d takes the form
where q is determined by the equation
In particular, it follows from Eq. ͑13͒ that in the case of an ideal thermal contact (h→ϱ) q 2 Ϸ 2 /4d 2 and in the case of a high thermal boundary resistance (hdӶ) q 2 Ϸh/d. Substituting Eq. ͑12͒ into Eq. ͑11͒ we find that the stability margin is determined by the existence of a nontrivial solution of the equation
with the boundary condition nٌϭ0 at the edge of the film, where n is the unit vector perpendicular to the edge of the film in the film plane. The eigenvalue equation ͑14͒ has the form of the Schrö-dinger equation of quantum mechanics. It means, in particular, that the variational method 28 can be used to determine the lowest eigenvalue ͑''energy''͒ q min 2 and eigenfunction ͑''wave function''͒ (x,y) by minimizing the energy functional E͓(x,y)͔ with respect to the parameters a 1 , a 2 , . . . of some trial function (x,y,a 1 ,a 2 , . . . ), where
͑16͒

III. EXAMPLES
To fix ideas we consider two examples, the long straight edge of a superconducting film of rectangular shape and the same edge with a small semicircular indentation. We will see that this indentation drastically enhances the electric field induced during flux penetration. At this little defect the thermomagnetic flux-jump instability originates thus at much lower values of the applied field than at a flawless edge. In both cases we approximate the film by a superconducting half plane yу0 and assume the film thickness d to be much smaller than all other relevant lengths of this problem.
The background electric field E b (x,y) follows from Faraday's law rotE b ϭϪḂ with appropriate boundary conditions.
In the fully penetrated state the current density has saturated; therefore, the current-caused part of the induction B(x,y) does not change with time when the applied field B a is further increased. One thus has rotE b ϭϪḂ a . The resulting E b (x,y) in the critical state crucially depends on the specimen shape as discussed in detail in Ref. 12 . For partial penetration one has in longitudinal geometry for the half space yу0 the current density jϭe x j(y) with j(y)ϭ j c for 0рyрy p and j(y)ϭ0 for yϾy p , where y p ϭB a / 0 j c is the penetration depth. The background electric field in this case is E b ϭe x E b (y) with
In particular, max͕E b (y)͖ϭḂ a B a / 0 j c occurs at the edge yϭ0. The background electric field ͑17͒ is a good approximation also for thin films. 11, 13 Inserting Eq. ͑17͒ into Eq. ͑14͒ we obtain
where ()ϭ0 for Ͻ0, ()ϭ1 for у0, and
͑19͒
Before we solve the eigenvalue equation ͑18͒ we note that from physical reasons we expect that the instability originates at the film edge where E b (y), Eq. ͑17͒, is maximum. We further expect that the heat flows mainly along z, into the substrate, and much less heat flows along x and y. This means that in Eqs. ͑14͒ and ͑18͒ one should have ٌ͉ 2 ͉Ӷq 2 . Therefore, the criterion for thermomagnetic flux-jump instability may be found by equating in Eq. ͑18͒ the heat production term at the edge, c 1 y p (0), to the heat sink term q 2 (0). This yields the criterion for flux jumping at the straight edges of films, c 1 y p ϭq 2 . Using the expressions for c 1 and y p we present it as
͑20͒
The stability criterion ͑20͒ determines the flux-jump field B j at the straight edges and in particular the dependence of B j on the external magnetic field ramp rate Ḃ a and the heat transfer coefficient h from the film to the substrate. We shall use now Eq. ͑18͒ to estimate the width a of the eigenfunction (y), i.e., the extension of the heated region at the onset of flux jumping. Our above considerations assume that this width is wider than the film thickness but still narrower than the penetration depth y p , dӶaӶy p . This is indeed the case, as we can easily estimate by a variational method. 28 With a simple Gaussian trial function ϭexp(Ϫy 2 /2a
2 ) the integrals in Eq. ͑15͒ are easily evaluated, and minimization with respect to a yields the stability criterion ͑20͒ and the width
.
͑21͒
For the second equality we used the criterion c 1 y p ϭq 2 , Eq. ͑20͒. Assuming that qy p ӷ1 we find, from Eq. ͑21͒, dӶaӶy p , which was required for the criterion ͑20͒. Note that the condition qy p ӷ1 leads to y p ӷd for the case of an ideal thermal contact between the film and the substrate and to y p ӷͱ/hd for the case of a high thermal boundary resistance.
As a second example we consider the same straight film edge yϭ0 but with a small indentation with a semicircular edge, x 2 ϩy 2 ϭ 0 2 , yу0. The radius 0 of this defect should be larger than the film thickness d and much smaller than the penetration depth y p ϷB j / 0 j c at which the instability occurs, dӶ 0 Ӷy p . The presence of this indentation strongly modifies the flow of the critical currents and drastically enhances the background electric field which is induced during flux penetration by the moving vortex lines. 17, 12, 18 The current stream lines first are parallel to the edge yϭ0, then the current flows on circles concentric with the defect ͑centered at xϭyϭ0), and then flows again parallel to yϭ0; cf. Fig. 1 . The straight and circular flows are separated by the parabola yϭ(x 2 Ϫ 0 2 )/2 0 . This current density j has the same orientation as the electric field E b . However, the magnitudes j and E b exhibit different behavior: While jϭ j c is constant in the considered penetrated region, E b is sharply peaked at the indentation and decreases monotonically to zero as it approached the front line y front (x). Beyond the flux front one has jϭE b ϭBϭ0. For longitudinal geometry, the exact shape of the front line is known, y front (x)ϭmax͓ y p ,( p 2 Ϫx 2 ) 1/2 ͔, with p ϭ 0 ϩy p . This longitudinal result may be used as an approximation for the film, as is confirmed by computations. [11] [12] [13] Inside the region of circular flow the conditions rotE b ϭϪḂ a and E b ϭ0 at ϭͱx 2 ϩy 2 ϭ p are satisfied by the solution
͑22͒
The irrotational 1/ term in Eq. ͑22͒ means a pronounced enhancement of the background electric field near small indentations. The height of this maximum is max͕E b ()͖ϷḂ a p 2 /2 0 , which is higher than the maximum field Ḃ a y p , Eq. ͑17͒, at the defect-free edge by a factor y p /2 0 ӷ1. We expect the thermomagnetic flux-jump instability to originate at the position of maximum E b , i.e., at the edge ϭ 0 of the indentation. As for the defect-free edge, we will find that the width a of the nucleus () is much smaller than the penetration depth p Ϸy p and even smaller than the defect radius 0 . The curvature of the indentation may thus be disregarded. Expanding E b () with respect to (Ϫ 0 )/ p Ӷ1 and keeping only the constant and linear terms, we obtain 
͑24͒
The stability criterion ͑24͒ determines the flux-jump field B j at a small indentation and in particular the dependence of B j on the external magnetic field ramp rate Ḃ a , the indentation radius 0 , and the heat transfer coefficient h from the film to the substrate. Using the same replacement as above we find that the trial function ϭexp͓Ϫ(Ϫ 0 ) 2 
/2a
2 ͔ has the width
͑25͒
Assuming that qy p ӷ1 we find dӶaӶ 0 ; i.e., the thermomagnetic flux-jump instability originates only in a narrow band at the curved edge of the indentation.
IV. CONCLUSIONS
Comparing the criteria ͑20͒ and ͑24͒ for the onset of thermomagnetic flux-jump instability at the straight edge of a film with and without indentation, one finds that the factor c 1 y p in Eq. ͑20͒ is replaced by c 2 0 , where c 2 Ϸc 1 y p 2 /2 0 2 .
Thus the ramp rate Ḃ a at which a flux jump occurs at a given flux-jump field B j is smaller for the indentation by a factor 2 0 /y p Ϸ2 0 0 j c /B a Ӷ1. At a constant ramp rate the instability occurs at a smaller field B j when the film edge exhibits an indentation. It follows also from Eqs. ͑20͒ and ͑24͒ that at a straight edge B j ϰḂ a Ϫ1 and at a small indentation B j ϰḂ a
Ϫ1/2
To fix ideas we consider the example of a rather thick film, dϭ100 m, 0 ϭ200 m, j c ϭ10
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A/m 2 , j c ‫ץ͉/‬ j c /‫ץ‬T͉ϭ10 K, nϭ50, and ϭ0.1 W/K m. Using Eqs. ͑24͒ and ͑13͒ we find for hу10 3 W/K m 2 the estimate B j ϷḂ a Ϫ1/2 where the units are tesla for B j and T/s for Ḃ a . Thus even in a thick film the flux-jump instability occurs at rather high fields. In particular, this estimate results in B j ϭ10 T for Ḃ a ϭ10 Ϫ2 T/s and in B j ϭ1 T for Ḃ a ϭ1 T/s. This example reveals that in much thinner films thermomagnetic flux jumping is not to be expected within the range of fields and ramp rates occurring in typical experiments or applications of superconducting films. Clearly, the reason for this stability of the critical state is the effective cooling of a thin film on a substrate. If desired, the parameters of an experiment may be chosen such that the predicted flux-jump instability should occur. But note that for very large applied fields the penetration depth p ϷB a / 0 j c formally will be larger than the half width a of the film; in this case one has to put p ϭa in c 2 , Eq. ͑23͒. Further increase of B a above the field of full penetration B p ϭ 0 j c a will then not lead to flux jumping since the electric field has saturated to a final profile even as the current density.
